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Continuous Joint Random Variables

Dart Results

Dart Probability Density
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Joint Probability Density Function

A joint probability density function gives the
relative likelihood of more than one continuous
random variable each taking on a specific value.
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a, b,

Pla, <X <ay,b, <Y <b)=| [ fr,(x,y)dydx

a, b



Jointly Continuous

a, b,
P(a, < X <a,,b, <ng2):j J‘fX,Y(x,y)dy dx

a, b
- Cumulative Density Function (CDF):

Fyy(@b)= [ [ foy(ry)dvds

—00 —00

fXY(a b) = XY(a b)



Jointly CDF
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Probabilities from Joint CDF

Pla; <X <ayb, <Y <b,)




Probabilities from Joint CDF




Probabilities from Joint CDF

P(al <X < az'bl <Y< bz) = Fxly(az‘bz)




Probabilities from Joint CDF

—Fxy (a1,b2)




Probabilities from Joint CDF

—Fxy (a1,b2)




P(a1 <X < az’bl <Y< bz) = FX‘Y(az’bz)

—Fxy (a1, bz)

—Fxy (az,b1)




P(a1 <X < az’bl <Y< bz) = FX‘Y(az’bz)

—Fxy (a1, bz)

—Fxy (az,b1)
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P(a1 <X < az’bl <Y < bz) = FX‘Y(az’bz)
_FX,Y(al,bZ)
_FX,Y(aZ,bl)

+FX,Y (allbl)
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Probabilities from Joint CDF
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Probability for Instagram!




Gaussian Blur

In image processing, a Gaussian blur is the result of blurring
an image by a Gaussian function. It is a widely used effect in
graphics software, typically to reduce image noise.
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Gaussian Blur

In image processing, a Gaussian blur is the result of blurring
an image by a Gaussian function. It is a widely used effect in
graphics software, typically to reduce image noise.

Gaussian blurring with StDev = 3, is based on a joint probability

distribution:
X -1.:50'50_51'5
Joint PDF
1 _ai4y?

fxy(@y) = 5 gme T

iy

0.
Joint CDF i

SEORG

StDev = 10

Used to generate this weight matrix



Gaussian Blur

Joint PDF L _
Each pixel is given a weight equal to the
Fxy(z,y) = 1 e—% probability that X and Y are both within the
’ ’ 27 - 32 pixel bounds. The center pixel covers the area
where
Joint CDF -05=<x=<05and-05=<y=<0.5
T Y What is the weight of the center pixel?
Fxy(z,y) = (I)(—) ' (I)(—)
’ 3 3
Weight Mat_gis’: 5 P(—0.5< X <0.5,-05 <Y < 0.5)
A1) 05) =P(X <0.5,Y <0.5)— P(X <05,Y < —0.5)

— P(X <—-0.5,Y <0.5)+ P(X < —-0.5,Y < —0.5)
0.5 0.5 0.5 —0.5
- (5)0(%) (%) (5)
—0.5 —0.5
o (T) A (T)

=0.5662% — 2 - 0.5662 - 0.4338 + 0.4338% = 0.206




Properties of Joint Distributions



Boolean Operation on Variable = Event

Recall: any boolean question about a random
variable makes for an event. For example:

P(X < 5)
P(Y = 6)

P(5 < Z < 10)



Independence and Random Variables



Independent Discrete Variables

- Two discrete random variables X and Y are
called independent if:

p(x,y)=py(x)py(y) forallx,y
P X=z,Y=y)=PX=x) PY =y)

- Intuitively: knowing the value of X tells us nothing
about the distribution of Y (and vice versa)

« |f two variables are not independent, they are called
dependent

- Similar conceptually to independent events, but
we are dealing with multiple variables

« Keep your events and variables distinct (and clear)!




Is Year Independent of Lunch?

Joint Probability Table

Dining Hall Eating Club Cafe Self-made Marginal Year
Freshman 0.03 0.00 0.02 0.00 0.05
Sophomore 0.50 ] 0.15 0.03 0.03 0.68 ]
Junior 0.08 0.02 0.02 0.02 0.12
Senior 0.02 0.05 0.01 0.01 0.08
iy 0.02 0.01 0.05 0.05 0.07
Marginal Statu 0.65 I 0.22 0.12 0.11

For all values of Year, Status:

P(Year =y, Lunch= s) = P(Year = y)P(Lunch = s)
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Is Year Independent of Lunch?

Joint Probability Table

Dining Hall Eating Club Cafe Self-made Marginal Year
Freshman 0.03 0.00 0.02 0.00 0.05
Sophomore 0.50 0.15 [ 0.03 ] 0.03 0.68 ]
Junior 0.08 0.02 0.02 0.02 0.12
Senior 0.02 0.05 0.01 0.01 0.08
iy 0.02 0.01 0.05 0.05 0.07
Marginal Status 0.65 0.22 l 0.12 I 0.1

For all values of Year, Status:
P(Year =y, Lunch= s) = P(Year = y)P(Lunch = s)

0.68

AN
0.08

No ®

0.12
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Coin Flips

Flip coin with probability p of “heads”
« Flip coin a total of n + m times

« Let X = number of heads in first n flips

« Let Y = number of heads in next m flips

n [ m —
P(X=x,Y=y)=( jp (1-p) ( ]py(l—p) ’
A Y
= P(X =x)P(Y =)
« Xand Y are independent
« Let Z = number of total heads in n + m flips

» Are X and Z independent?
o What if you are told Z =07



Recall: Poisson Random Variable

. Xis a Poisson Random Variable: the number of
occurrences in a fixed interval of time.

X ~ Poi(\)

= A IS the “rate’
= Xtakes on values 0, 1, 2...
= has distribution (PMF):

A

P(X=k)=ce x



Web Server Requests

Let N = # of requests to web server/day
« Suppose N ~ Poi()L)

« Each request comes from a human (probability = p) or
from a “bot” (probability = (1 — p)), independently

« X =#requests from humans/day (X | N)~ Bin(N, p)
= Y = # requests from bots/day (Y | N)~Bin(N, 1 -p)

P(X=i,Y=)=P(X=i,Y=j| X+Y =i+ )P(X+Y =i+ )
/\, + LY=J1X+Y ZiT ))P(X+Y #i+ )

Probability of i human
requests and j bot
requests

Probability of number of
requests in a day was i + |

Probability of i human
requests and j bot requests |
we got / + j requests



Web Server Requests

Let N = # of requests to web server/day
« Suppose N ~ Poi()L)

« Each request comes from a human (probability = p) or
from a “bot” (probability = (1 — p)), independently

« X =#requests from humans/day (X | N)~ Bin(N, p)
= Y = # requests from bots/day (Y | N)~Bin(N, 1 -p)

PX=i,Y=))=P(X=i,Y =j| X+Y=i+))P(X+Y =i+))
+P(X=iY=j]| X+Y =i+ )P(X+Y #i+))

« Note: P(X=iY=j|X+Y#i+/)=0

K

You got / human requests You did not get i + J
and j bot requests requests



Web Server Requests

Let N = # of requests to web server/day
« Suppose N ~ Poi()L)

« Each request comes from a human (probability = p) or
from a “bot” (probability = (1 — p)), independently

« X =#requests from humans/day (X | N)~ Bin(N, p)
= Y = # requests from bots/day (Y | N)~Bin(N, 1 -p)

P(X=iY=/)=P(X=i,Y=j| X+Y =i+ )P(X+Y =i+ j)



Web Server Requests

Let N = # of requests to web server/day
« Suppose N ~ Poi()L)

« Each request comes from a human (probability = p) or
from a “bot” (probability = (1 — p)), independently

« X =#requests from humans/day (X | N)~ Bin(N, p)
= Y = # requests from bots/day (Y | N)~Bin(N, 1 -p)

PIX=iY=N=P(X=i.Y=j|X+Y=i+ NHP(X+Y=i+7])

, \N
PX=i,Y=j|X+Y=i+))= (’”jp(l p) %\o°‘°\°

/“Li +J ' 60(\
o

. N A
P(X+Y=i+j)=e G )] 0

\(\\

P(X =i,Y=j)= (H]jp (1-p)e”’ (ﬁ])v 3P



Web Server Requests

Let N = # of requests to web server/day
« Suppose N ~ Poi()L)

« Each request comes from a human (probability = p) or
from a “bot” (probability = (1 — p)), independently

« X =#requests from humans/day (X | N)~ Bin(N, p)
= Y = # requests from bots/day (Y | N)~Bin(N, 1 -p)

4 A Gp) (AM1=p)Y
(i+))! i Ji

. . +7) ;
P(X:z,Y:]):(’i!JJ,!) p'(-p)e

= UL gaip WI;{W = P(X =)P(Y = j)

« Where X ~ Poi(Ap) and Y ~ Poi(A(1 — p))
« Xand Y are independent!



Independent Continuous Variables

- Two continuous random variables X and Y are
called independent if:

P(X<a,Y<b)=P(X<a)P(Y<Db) forany a, b

- Equivalently:
Fy(a,b)y=F,(a)F,(b) foralla,b
fX,Y (a,b)= fy(a)f,(b) toralla,b

- More generally, joint density factors separately:
Jxy(X,¥)=h(x)g(y) where —oo<x,y <00



Is the Blur Distribution Independent?

StDev = 10

In image processing, a Gaussian blur is the result of blurring
an image by a Gaussian function. It is a widely used effect in
graphics software, typically to reduce image noise.

Gaussian blurring with StDev = 3, is based on a joint probability
distribution:

-0.5 15
X 45,05

Joint PDF
1 _ z2 42

fX7Y(x7y) — 27_‘_326 2-32

~ob L ~

Joint CDF

X

Fxy(ey) =o(3) o(3)

Used to generate this weight matrix _/\




Pop Quiz (just kidding)

- Consider joint density function of X and Y:
Jxy(x,y)= 6e e’ for 0<x, y <00

« Are X and Y independent? Yes!
Let h(x) =3¢~ and g(y) =2¢ ™, 80 fy,(x,y) =h(x)g(y)
- Consider joint density function of X and Y:

Sxy(x,y)=4xy for O0<x,y<lI
« Are X and Y independent? Yes!

Let 2(x) =2xand g(y) =2y,80 fy ,(x,y) =h(x)g(y)
» Now add constraintthat: 0 <(x +y) <1

« Are X and Y independent? No!

o Cannot capture constraint on x + y in factorization!



Independence of Multiple Variables

- nrandom variables X;, X,, ..., X are called
independent if:

P(X =x,X,=x,,....X,=Xx) :HP(XZ. =x;) forallsubsetsof x,x,,....x,
i=1

- Analogously, for continuous random variables:

P(X, <a,X,<a,,.,X, <a,) :HP(XZ. <a;) forallsubsetsof a,a,,...,a,
i=1



Conditionals with multiple variables



Discrete Conditional Distribution

- Recall that for events E and F:

P(EF)

P(E|F)= o)

where P(F)>0

F
E




Discrete Conditional Distributions

- Recall that for events E and F:

P(E|F)= l;fif)) where P(F)>0

- Now, have X and Y as discrete random variables
= Conditional PMF of X given Y (where p\(y) > 0):

Pry(x|y)=P(X =x|Y=y)= P(X=xY=Yy) _ Pxy (%))

P(Y =) Py (»)
» Conditional CDF of X given 'Y (where p\{y) > 0):
P XSCZ,Y:
FX|Y(a|y):P(XSa|Y:y): ( y)
S () P(Y =y)
= x<qg Ll X, Y > — ZleY (x | y)

Py(y) x<a
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Lunch Type | Year

0.800 == Dining Hall

== Eating Club

== (Cafe

== Self-made
0.600
0.400 /'/\M
0.200 —_—
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And It Applies to Books Too
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Continuous Conditional Distributions

Let X and Y be continuous random variables

R
( _ fX|Y(x\y) A
~ leY(x|y) fy (y) J




Mixing Discrete and Continuous

Let X be a continuous random variable
Let N be a discrete random variable

P(N =n|X =2)P(X = x)

P(X =x|N =n) = PN = n)

P, (x|n)= PNXE?‘XI)DX )

X|N

PN|X(n‘m)fX (33) €

fX|N(x‘n) "Cp =

P, (n)
! P n|x T h
oty = P




All the Bayes Belong to Us

M,N are discrete. X, Y are continuous

go\les mln) — PN|M (n|m)pM (m)
06 pM|N( ’ ) Dy (’Il)
eo > PN X(n|x)fX (:C)
W o0 fX|N('CE|n) | P_(n)
o %Y b (nle) = v (@[n)py (1)
A %0\' I fX (x)
Fyix Wlz) fi ()
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Tracking in 2D Space?




Tracking in 2D Space: CS221

e O Driverless Car Simulator




Bivariate Normal

. X, Y follow a symmetric bivariate normal
distribution if it has PDF:

f ( ) 1 (& —pg)2 4 (y—py)?]
€L y — - @ 2.52
YA 2mo?
_ﬁ Here 1s an example where
fo =3
oy =3

g =2

{
B



Tracking in 2D Space: Prior

B [($—3)2-§(y—3)2]

fX,Y(x7y) =K-e¢

©l0
o _LJ
/ -
|
t
Al
€
¢
-
T,
N From To

x | -5.00000 | 5.00000
y | -5.00000 |5.00000
z | 0.0454540 1.00000



Tracking in 2D Space: Observation!

 [(2=3)2+(y—3)?]
&

fX,Y(xvy) =K -e

__ 2 2 2 _
Forxy ~N(p=+/22+y% 0% =1)

A u = Trqe di;tance (t)
z /\
2
A
> o0 = Const.SONAR_STD
= — -
(4]
o)
O
a

Value of d »

What 1s your new belief for the location of the object being tracked?
Your probability density function can be expressed with a constant



Tracking in 2D Space: Observation!

 [(2=3)2+(y—3)?]
&

fX,Y(xvy) — K - e
fDIX,Y(d‘way) = K- e_[d_\/WF

A u = True distance (t)
=
‘B
[
a
> o= Const SONAR_STD
= — -
(g0)
o)
o
2 / \
Value of d

What 1s your new belief for the location of the object being tracked?
Your joint probability density function can be expressed with a constant



Tracking in 2D Space: Posterior

Frovin (@ yld) = - o [0 Vamayn) 2 iy




